Late-time power-law tails of free atomic spontaneous emission
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Atomic spontaneous emission is one of the most fundamental processes in atomic physics. The
textbook exponential law is, however, only an intermediate-time approximation: at sufficiently
long times, the survival probability decays as a power law set by the threshold behavior of the
spectral density. Within a single-channel rotating-wave model and a specified Coulomb-gauge bare
excited-state projector, we derive late-time laws P(t) ~ t~2P for pure one-photon atomic multipole
transitions in free space, with the exponent p determined by the model threshold power. We further
obtain a closed-form envelope estimate for the crossover time ¢, under a long-wavelength monomial-
form-factor approximation, giving ¢t /7 ~ 2(p + 1) In Q for the quality factor @ > 1, where 7 is the
lifetime. Applied to four representative transitions with distinct multipole character, the estimate
gives a transparent model ranking: broad electric-dipole lines reach the asymptotic regime soonest
in units of lifetime, although the free-space tail remains experimentally inaccessible.

Introduction.— The spontaneous emission of light by
an excited atom is among the most fundamental pro-
cesses in quantum mechanics. Einstein’s identification
of the A coefficient [1] and the subsequent derivation by
Weisskopf and Wigner [2] established the textbook pic-
ture that an isolated excited state |e) decays exponen-
tially as P.(t) = e !, with T' given by Fermi’s golden
rule. This result is central to laser physics, atomic line
shapes, atomic clocks, and the modern understanding of
light-matter interaction [3].

The exponential law, however, is an approximation
that fails at sufficiently long times. As proved by
Khalfin [4] and developed in detail by Fonda, Ghirardi,
and Rimini [5], the requirement that the Hamiltonian be
bounded from below forces the survival probability to
decay slower than any exponential at late times, with a
power-law tail P.(t) o< t~“ set by the analytic structure
of the spectral density. These foundational considera-
tions remain a subject of active investigation: signatures
of non-exponential decay have been observed in tunneling
systems [6, 7], in molecular luminescence [8], and most
recently in integrated photonic simulators that resolved
the full short-time/exponential/long-time sequence [9].
At the same time, theoretical work continues to refine
the gauge structure [10-13] and the multichannel gener-
alization [14] of the older frameworks.

Yet despite this sustained activity, in the free-space
atomic setting specifically, the question has been ap-
proached in a curiously fragmented way. Theoretically,
Facchi and Pascazio [15] analytically established P,(t) ~
t~* for the hydrogen 2P — 1S transition, and Giacosa
and Kyziot [16] numerically located the exponential-to-
power-law crossover at t, =125 times its lifetime for the
same transition. For higher multipoles, Lassalle et al. [17]
computed the multipole-resolved coupling spectrum but
applied it to the monitored anti-Zeno problem. Exper-
imentally, the power-law tail has been seen in the non-
atomic platforms as noted above, but not in free-space
spontaneous emission of an atomic line due to practical
limitations. What is still useful, especially pedagogically,
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FIG. 1. Envelope exponential-to-power-law turnover time
t./7 as a function of the quality factor Q = woT, where wo is
the atomic transition frequency and 7 = 1/T is the lifetime.
The solid curves show the asymptotic estimate used in these
notes, where p is the multipole exponent of the late-time tail.
Markers indicate the real transitions of Table I. EL (ML)
indicates the electric (magnetic) character of the transition
with multipole order L.

is a compact synthesis of the standard threshold-law ar-
gument with the multipole-resolved free-space spectra in
the simplest possible setting—an atom radiating into the
free-space photon vacuum.

To this end, we carry out the analysis of a gauge-
fixed bare-state survival amplitude for atomic sponta-
neous emission in free space at late times. Our results are
threefold. First, using the Coulomb-gauge spectrum, we



derive the explicit late-time survival laws Pgp (t) ~ t—4F
and Pyp(t) ~ t~@LHY for electric (E) and magnetic
(M) transitions of multipole order L, giving the rank-
ing £y > Eo ~ My > E3~ My > --- for the onset of
the power-law tail within this convention. These mul-
tipole tail laws are a direct consequence of ingredients
available in the literature; here we collect them in closed
form and connect them to the unmonitored survival prob-
lem. Second, we obtain an analytical envelope estimate
for the exponential-to-power-law crossover time t, as a
function of the transition frequency wq, the intermediate-
time exponential decay rate I' and the multipole expo-
nent p, with asymptotic scaling t,/7 ~ 2(p + 1)InQ,
where @ = wp/I". Finally, we quantify the observabil-
ity of the power-law tail by applying this formula to four
representative atomic transitions with distinct multipoles
spanning about sixteen orders of magnitude in ). For the
sake of these notes, the remainder of the discussion is or-
ganized in a careful, pedagogical sequence: we review the
Coulomb-gauge derivation of exponential decay, identify
the breakdown mechanism at long times, and address the
gauge sensitivity of the off-shell survival amplitude.

Spontaneous emission of an atom.— Our system is a
single atomic excited state coupled to the vacuum pho-
ton continuum, one of the simplest settings available in
atomic physics. The atom-field Hamiltonian is

H=Hs+Hpr+YV, (1)

where Hq = E. |e)e| + E4 |g){g| is the bare atom Hamil-
tonian with excited state |e) and ground state |g), and
Hr = Zk)\ ﬁwkal)\ak,\ is the free-field Hamiltonian
with wavenumber k£ and polarization \. We work in
the Coulomb gauge, where the vector potential satisfies
V-A = 0 and the interaction retained here is the linear
minimal-coupling term

€ 7 .

V= 40) 5. 2)
shown first in its electric-dipole form. For the higher-
multipole threshold laws derived below, the full spatial
factor e’%'* is retained before taking the long-wavelength
expansion, as described in Appendix C. The A? term
and counter-rotating terms are outside the one-photon
rotating-wave model used for the main estimates; this
is one reason the off-shell tail should be read as a
model/projector-dependent quantity rather than a fully
gauge-invariant QED prediction. The quantized vector
potential is written with e denoting the positive elemen-
tary charge; the overall sign is immaterial for the decay
rate:

A(0) = ZA’“ €ix (ak)\ + GL,\) , A = \/260%'

kA

Note that A, wk_l/ 2, in contrast to the electric-field

amplitude &, o w,jl/ 2 appearing in the length-gauge
formulation V' = —d-E (Appendix A). This difference

is inconsequential on shell at w = wy = (E. — Ey)/h
but changes the low-frequency threshold behavior of the
spectral density and hence the late-time power-law tail
of the decay curve. Although not the central theme of
these notes, we revisit this discrepancy later. Under the
rotating-wave approximation, the coupling (2) becomes

V= hz [gk,\ a};/\a, + Gy a0+ | (3)
kA
where o_ = |g){e|, o+ = |e){g|, and the coupling con-

stant is

e .
hgix = o Ap €y - Pge;, Pge = (g|ple). (4)

€
The model survival measurement begins by preparing
the gauge-fixed bare state [(0)) = |e;0) and later pro-
jecting back onto the same state. Under the atom-field
coupling (3), the state evolves to

(1) = ce(t)e™ PP e; 0) 4 epa(t)e Fathonlt/hlg 1, ).
kA

Eliminating the photon amplitudes gives an exact equa-
tion for the excited-state amplitude:

éo(t) = 7/0 dt' K(t —t")c.(t'), (5)

with K(7) = 37, | lgea|?e " @s =) For a detailed
derivation, see Appendix B.

An important step here is the continuum approxima-
tion. Physically, the emitted photon can occupy an enor-
mous number of free-space modes whose frequencies are
so closely spaced that the mode sum is effectively smooth.
In this case the kernel is replaced by

K(r)= /OOO dw J(w)eHwmwolT, (6)

where the spectral density is

T(@) =Y pa(w) [ga(@)P, (7)
A

with p)(w) the photon density of states.

Having established the framework, we derive the con-
ventional exponential decay of an excited atom. In the
weak-coupling regime, the continuum loses phase mem-
ory much faster than the atom decays. In the memory
integral (5), this means that c.(t') changes little over the
time for which K (t —t') is appreciable, so the history de-
pendence can be replaced by the instantaneous amplitude
¢ce(t). The remaining time integral of K (7) then selects
the near-resonant part of J(w): modes with w # wy ac-
quire rapidly varying phases e« ~%0)7 and cancel, while
modes near wy add coherently. This gives the familiar
Fermi-golden-rule rate

T = 27J (wo). (8)



The off-resonant part of the continuum does not cause ir-
reversible loss but shifts the phase of the excited state by
a small amount A. Thus the nonlocal equation reduces
to the local amplitude equation

)= = (5 +i) et 9)
yielding the familiar exponential survival probability
P.(t) = |cc(t)]? = e 1.

Power-law decay at late times.— Going to the late-
time regime prompts us to focus on the feature of the
continuum at low frequency. Indeed, the integral in (6)
starts at w = 0, so the atom—photon continuum has low-
est energy Ey, = Ey, around which J(w) follows some
scaling with w. This lower edge is far from resonance,
so it is irrelevant for the initial exponential decay. At
very long times, however, Fourier transforms are sensi-
tive to endpoints, i.e., the phase wr starts to pick up
non-negligible contributions from w near the threshold.
The excited-state amplitude therefore has two qualita-
tively different pieces, ce(t) = cCexp(t) + Ceut(t), where
Cexp(t) is the previously obtained solution of Eq. (9) from
the near-resonance spectrum, and ceyut(t) comes from the
lower endpoint of the same continuum. Near this end-
point, the photon frequency is w = €/h, where e = E—FEy),
is some small energy scale compared to the inverse of the
ordinary (early) decay time. At the level of the expo-
nent, and up to a smooth prefactor that does not change
the power law, the threshold contribution is controlled

by J(e/h):
Ccut (t) X eii(EthiEe)t/h/ de J(G/h) Giiet/h. (10)
0

Note that the integral can be extended to infinity because
the high-frequency part is averaged away, except at the
resonance which is already accounted for in cexp. A per-
fect exponential decay would require a spectral function
extending to w = —oo, which is forbidden by the lower
bound w > 0. Conversely, the non-exponential contribu-
tion at late times comes from the lower endpoint of the
continuum [4, 5].

Having identified the contribution from the low-
frequency component of the continuum, we can now ask
how the late-time tail depends on it. Assume the spectral
density has a power-law threshold scaling J(w) ~ w?® as
w — 0T, with s > —1 and with a smooth nonzero coeffi-
cient near the threshold, no threshold bound-state pole,
and no stronger singularity at the endpoint. Then (10)
gives, at late times,

oo
efz(Etthc)t/h de € efzet/h
0

Ceut (t) ~
) K s+1 )
_ FEul(S + 1) e~ im(s+1)/2 <t) efz(Etthc)t/h’

where 'y, is Euler’s gamma function, so that

P.(t) ~ t72(s+D), (11)

In summary, the same spectral density J(w) controls two
different regimes: its value at the resonance, J(wp), sets
the ordinary exponential lifetime, while its small-w power
sets the late-time, power-law tail.

Multipole structure of the late-time tail.— The rela-
tionship between the low-frequency behavior of the spec-
tral density and the late-time tail can be applied to an
atom in free space after specifying the model and projec-
tor. We use the known coupling spectrum for a pure one-
photon transition in free space in the Coulomb gauge [17—
19] (see Appendix C for the derivation),

2L

x w2 g (W) 2=t

X W,
(12)
where grr, and gpsr are the electric and magnetic multi-
pole couplings, respectively, and L is the multipole order.
For example, the L = 1 electric case is just the A7 oc w™!
behavior of the vector potential; each higher electric mul-
tipole adds the long-wavelength factor (kr)? o w? to |g|?,
while the magnetic multipole of order L carries one addi-
tional power of kr relative to the corresponding electric
multipole. The resulting spectral densities are

p(w) o w?, |9EL(W)‘2

21 (w—0™).

(13)
It is useful to define the late-time amplitude exponent
p=s+1, so that P.(t) ~ t=?’. Combining (11) and (13)
gives pgpr, = 2L and pysr, = 2L 4 2, or equivalently

JEL(w)o<w2L_1, Jvr(w) < w

Ppr(t) ~t™4 Payp(t) ~ =@ (14)
Within this Coulomb-gauge bare-projector model, the
threshold physics therefore ranks the free-decay tails:

E1>E2NM1>E3NM2>'~', (15)

where “>" means an earlier and less strongly suppressed
post-exponential envelope. Note that the multipole-
resolved threshold exponents behind (13) appear in Las-
salle et al. [17] in the context of the (monitored) anti-Zeno
effect. However, their consequence for the free, unmoni-
tored survival probability at late times is useful to collect
explicitly [20].

As a coherence check, consider the hydrogen 2P — 1S
line, which is an electric-dipole transition with L = 1.
Our formula (14) gives P.(t) ~ t~%, in agreement with
the analytic result of Facchi and Pascazio [15] and the
numerical computation of Giacosa and Kyziol [16].

With the relation of the late-time tail to the low-
frequency threshold behavior of the spectral density es-
tablished, we now revisit the gauge convention. The
threshold exponent derived above is a statement about
the Coulomb-gauge, A -p, description used in the hy-
drogenic form factor of Eq. (12). This convention mat-
ters for late-time tails because the tail samples the off-
resonant, low-frequency part of J(w), not only the value
at wo. In the length-gauge interaction V = —d-E of
Power and Zienau [21, 22], the electric-field amplitude

scales as & x wi/2 rather than Ay w;1/27 shifting the



low-frequency power of an electric-dipole spectral den-
sity from J(w) x w to J(w) o< w3, the familiar free-space
electric-dipole scaling. More generally, the usual multi-
polar radiation scaling would give

(mult) (mult) 2L+1 —(4L+4)
Jpr (W)~ Jyp (W) ~w ) Pe(t) ~t :

(16)
Hence, for an electric dipole the corresponding tail
changes from P.(t) ~t~* to P.(t) ~t~5.

The apparent discrepancy between gauge choices does
not contradict gauge invariance of physical observables.
On shell, (g|ple) = im.wo(g|F|e) at w = wp, so the Fermi-
golden-rule rate I' = 2m.J (wp) is the same. The late-time
survival amplitude, however, is an off-shell property of a
chosen bare excited state, and that state is itself gauge-
sensitive: the bare excited state |e) ® |0) refers to phys-
ically distinct dressed configurations in the two gauges,
related by the unitary transformation [3, 21, 22]. For
the sake of these notes, it is useful to briefly recall the
history of this problem. The issue was first raised by
Lamb [23, 24], who argued on spectroscopic grounds that
the multipolar/length gauge provides the operationally
correct projection onto atomic eigenstates. The spe-
cific gauge sensitivity of the spontaneous-emission tail
was discussed by Knight and Milonni [25] and later de-
veloped by Seke [19] and Enaki [26]. Aharonov and
Au [27] pointed out that the two gauges answer slightly
different physical questions about the dressing of the
unstable state and are therefore both internally consis-
tent within their own definitions of the bare atom. A
more modern resolution, provided by Vukics, Kénya, and
Domokos [10] is that both pictures derive from the same
gauge-invariant Lagrangian, with the apparent disagree-
ment reflecting different choices of canonical variables
rather than a physical inconsistency. Direct numerical
comparison of the two gauges for the hydrogen 2P — 1S
problem [28] finds agreement at a high accuracy through-
out the exponential regime. The late-time gauge depen-
dence sits well below this numerical floor and is at present
beyond experimental reach. Thus the detailed equiva-
lence classes in Eq. (15) should not be read as gauge-
invariant observables: in the multipolar scaling one in-
stead has E1 ~ My > Eo ~ My > E3 ~ M3y > ---.
What is robust in this model comparison is the qual-
itative statement that lower threshold powers produce
earlier and slower tails. In what follows we keep the
Coulomb-gauge convention because it is the convention
used in the hydrogen benchmark and in the free-space
form factors from which (13) was derived.

Turnover estimate and applications to real atomic
transitions.— Within the specified single-channel model,
observability of the late-time decay depends on when
it overtakes the exponential. To estimate the crossover
from the exponential to the power-law, we need the abso-
lute magnitude of cqyt(t), not only its t-dependence. To
this end, the smooth prefactor absorbed into “x” in (10)
must now be made explicit. The fastest way to estimate
the prefactor is to realize that in the memory integral (6),

off-resonant modes at frequency w accumulate a phase
e~H@=wo)T In the frequency-domain form of the mem-
ory equation this produces two off-resonant propagators,
as derived in Appendix D, so the full threshold amplitude
carries an energy denominator (w — wp)~2:
J(w)

& —wo)? et (17)

Ceut(t) ~ e~ UEm=Ee)t/h /OO dw
0

At the threshold w — 0%, this gives a prefactor wg 2,
Writing the low-frequency spectral density as J(w) =~
CywP~! and applying the asymptotic evaluation of
Eq. (11) gives

CTrulp) _
|ceut (t)] ~ L;@t P, (18)
Wo

To connect the threshold coefficient to the measured
linewidth, we make a long-wavelength monomial-form-
factor approximation,

(19)

Equivalently, since I' = 27J(wp) =~ ZWCJwg_l in this
approximation, one has Cy ~ T'/ (27rwg_1). Substituting
back into (18), we obtain the leading envelope amplitude
estimate in terms of line parameters:

Lpu(p) -

()] = 2L (20)
0

2T w,

We define t, operationally as the envelope crossover
|Cexp(tz)] = |ceut(tz)|. This ignores the oscillatory in-
terference term in |Cexp + Ceut|?, so it should not be read
as a unique observable transition time. The definition
gives

2 P (ToapT)"”
tx:_ipwfl - (Eulp> ) (21)

r 2p 27rwg+1

where W_; is the negative branch of the Lambert func-
tion [29]. For a large quality factor Q = wg/I" > 1, the
asymptotic behavior of W_; gives

tf ~2p+1)nQ, T=T"1 (22)
In this envelope definition, broad low-multipole lines are
favored, while narrow forbidden lines are disfavored both
because they have larger p and because they have much
larger Q.

The turnover formula provides an envelope estimate
of the observability of the late-time tail for an idealized
pure single-channel atomic transition. Here, we consider
four representative transitions spanning about sixteen or-
ders of magnitude in @ and three multipole orders: the



TABLE 1. Late-time-tail observability for representative
atomic transitions. Computed in the Coulomb gauge from
Eq. (21). The quality factor Q = wo7, the multipole expo-
nent p, and the crossover time t, are reported both in units
of the lifetime and in absolute units. The final column gives
the envelope population P, = e **/7 at crossover.

Transition L, type p Q = woT tz/T te log, Px
H2P—1S 1,El 2 2.5x107 125 200 ns —54
Ca' Ds/2 2,E2 4 3.0x10' 405 473 s —176
Sr™ Ds)o 2,E2 4 1.1x10' 394 154 s —171

'Yb* F7p 3, E3 6 2.0x10% 826 1.3x10° yr —359

hydrogen 2P — 1S Lyman-a line (E1, A = 121.6 nm,
7 = 1.595 ns), the electric-quadrupole clock lines of Ca™
(3Ds5/2 —4S1/2, A = 729 nm, 7 = 1.168 s) [30] and Sr*
(4D5/2 = 5S1/2, A = 674 nm, 7 = 390.8 ms) [31], and
the electric-octupole clock transition of "'Yb* (2F7 5 —
2S1/2, A = 467 nm, 7 =~ 1.58 yr) [32]. Table I collects
the computed quantities. These entries should be read as
pure-channel idealizations. If several radiative channels
contribute, Jiot(w) = Y, Ji(w), the asymptotic tail is
set by the smallest threshold power among channels with
nonzero coupling, even when that channel has a small
branching ratio.

Figure 1 plots t, /7 as a function of @ for the three
relevant multipole exponents p = 2,4,6, with the four
representative transitions overlaid. Two features deserve
emphasis. First, the log Q) growth is mild: even when Q
varies by sixteen orders of magnitude, t, /7 varies only by
a factor of about seven. The dominant ranking is thus
set by the multipole exponent p through the prefactor
2(p+ 1), not by Q. Second, forbidden clock lines pay a
double penalty: a larger p pushes the crossover later in
units of the lifetime, and a vastly larger 7 makes the abso-
lute crossover time astronomically large. For the '7'Yb™
octupole clock, the post-exponential regime begins only
after roughly 102 years of evolution.

These numbers also clarify what “observability” can
and cannot mean. Figure 2 shows the explicit hydro-
gen survival probability. By the time ¢, is reached, the
surviving population is of order 10~%4, exponentially sup-
pressed by the preceding ~125 lifetimes of ordinary de-
cay, as also pointed out in [16]. Detecting the post-
exponential tail of a single isolated atomic line in free
space is therefore not a near-term experimental program.
What our ranking identifies is not which line could realis-
tically be observed, but which line reaches its asymptotic
regime soonest in units of its lifetime. The natural place
to look for these tails remains structured photonic reser-
voirs and other engineered systems [9], where the thresh-
old can be brought close to wg and the survival probabil-
ity at t, is no longer exponentially small. Nevertheless,
the free-space calculation specifies the threshold powers
of the corresponding pure multipole channels before any
reservoir engineering is added.

Conclusion and outlook.— In these notes, we have
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FIG. 2. Envelope survival probability for the hydrogen

2P — 1S line. The exponential part |cexp|> o e ¥/7 (blue)
dominates until t~125 7. After that, the power-law envelope
|ceut)® o t7* (red) takes over. By the envelope crossover the
survival population is already ~ 1075* of the original popu-
lation.

derived the explicit late-time power-law decay of a
gauge-fixed bare excited state in a single-channel
Coulomb-gauge model of free-space spontaneous emis-
sion, Ppr(t) ~ t™*F and Py (t) ~ t~ @+ for a pure
atomic multipole transition. Using the same framework,
and the monomial-form-factor approximation in Eq. (19),
we also obtained a closed-form envelope estimate for the
exponential-to-power-law crossover time t,(wg, ', p) that
reduces to t, /7 ~ 2(p + 1) In @ in the high-Q limit. We
further applied it to four representative transitions span-
ning about sixteen orders of magnitude in quality fac-
tor. The central physical lesson is that late-time devia-
tions from the usual exponential decay are controlled by
the low-frequency threshold behavior of the spectral den-
sity, while the ordinary lifetime is controlled by the on-
shell value of the same spectral density. Broad electric-
dipole transitions minimize the model envelope crossover
in units of lifetime, but even the best free-space case re-
mains experimentally inaccessible because the surviving
population is already exponentially tiny.

Three extensions are natural. First, engineering a cav-
ity around an atom to manipulate the spectrum can
change the decay profile. The trivial case is a lossy
single-mode cavity resonant with the atomic transition.
In this case, spontaneous emission is enhanced at the
resonance and the late-time tail at low frequencies be-
comes more difficult to see. The other extreme is when
the resonant decay is suppressed or the relevant thresh-



old is brought close to the transition, in which case the
envelope crossover time can be shortened. Second, hy-
perfine mixing can shorten an otherwise forbidden ul-
tranarrow E3 or M2 lifetime by an order of magnitude
or more. Such mixing leaves the exponent p unchanged
only when it renormalizes the same multipole matrix el-
ement; if it opens a lower-multipole radiative amplitude,
the asymptotic exponent is instead set by that lower-
threshold-power channel. Isotope choice is thus a con-
trolled knob on absolute observability, but not always

on p alone. Third, embedding any of the transitions in
Table I in a structured photonic reservoir replaces the
free-space threshold by an engineered one. In general,
if the reservoir produces J(w) ~ |w — w.|® near a band
edge, then P(t) ~ t=2(5T1): the exponent s is set by the
engineered density of states, dimensionality, mode struc-
ture, and emitter position, not by a simple substitution
w — |w — w| in the free-space law. This is the regime in
which the present threshold-based reasoning may become
experimentally relevant.
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Appendix A: Length-gauge

Here we show explicitly how the familiar electric-dipole
coupling is related to the Coulomb-gauge matrix element
used in the text. In the dipole approximation,

e
(95 LiealVa-ple; 0) = — Ak €xx Pye- (A1)
Me
For atomic eigenstates, the momentum matrix element
is fixed by the position matrix element. Since [Ha,t] =
—ihp/me,

Pge = iMewo Tge, wp = — - (A2)
Substituting this into (A1) gives
(95 LV ple; 0) = iewo Ak €k Tge. (A3)
On the other hand, the transverse electric field of a single
mode is E = —0; A, so its one-photon amplitude is, up
to an irrelevant phase,
gk- = wk.Ak. (A4)
With the electric dipole operator d = —er, the length-
gauge interaction Vg.g = —d-E therefore gives
(9: 1ea|Vaele; 0) = ewp Ay €x) Tye (A5)



Up to phase. (A3) and (A5) agree at the physical emit-
ted frequency wp = wp, so both gauges give the same
golden-rule decay rate. Away from resonance, however,
the Coulomb-gauge matrix element carries wy.A, whereas
the length-gauge one carries wg.Ayg; this is the origin of
the different low-frequency powers discussed in the main
text.

Appendix B: Eliminating the photon amplitudes

Here we derive (5). We insert the most general form
of the time-evolved state

[6(2)) = ce(t)e™FMe; 00+ cpa(t)e Fathent/Rg 1)

kA
(B1)
into the Schrodinger equation with the rotating-wave in-
teraction (3). Since wy = (E. — Ey)/h, the two ampli-
tudes obey

Ce(t) = —i Z GinCon(t)e kw0t (B2)
kA
Gin(t) = —igpace(t)eti@r—wo)t, (B3)

The photon amplitudes vanish initially, cxx(0) = 0,
so (B3) integrates to

t

cia(t) = —igpa dt’ Ce(tl)eJﬂ(wkiwo)t’. (B4)
0
Substituting this expression into (B2) gives
t
)= = Y laual? [t et )
Y 0
t
= —/ dt' K(t —t")c(t'), (B5)
0
with
(B6)

K(1) =Y |gra|?e  termwolr,
koA

This is exact within the one-excitation, rotating-wave
model. The continuum and Markov approximations en-
ter only after this step.

Appendix C: Coulomb-gauge multipole coupling
spectrum

We outline the derivation of (12). The Coulomb-gauge
interaction between an atomic electron and the quan-
tized electromagnetic field, without invoking the dipole
approximation, is

V= mi ZAk [ak)\ €xr'P 6ik'f + h.C.} s
€ kA

(C1)

with Ag, = \/h/(2¢owi V). The multipole expansion of

e’ T in spherical harmonics gives, schematically,

D™ ~ Y (k) T+ Y (k) T, (C2)
L>1 L>1

where TéE) and TiM) are dimensionless angular opera-
tors carrying the electric and magnetic multipole indices,
respectively. The Lth electric multipole starts at order
(kr)L—1 because the leading term in the expansion is the
F dipole, and each additional multipole index requires
one more spatial derivative. The magnetic multipole of
order L carries one additional power of kr relative to the
electric multipole of the same order because the magnetic
moment couples to V x A, which brings down an extra
factor of k in matrix elements [3].

For a one-photon transition from |e) to |g) of pure mul-
tipole character (EL) or (ML), the matrix element of V'
between the initial state |e; 0) and the final state |g; 1xx)
is therefore

hgis o< Ag KL=1H0 ppp (C3)

where dy; = 0 for electric and §; = 1 for magnetic mul-
tipoles, and M, is the reduced matrix element of the ap-
propriate multipole operator between the atomic states.
Squaring and using A? « 1/wy, k = wg/c,

EL 1 9z- _
|gl(()\ )\2 o wik.wk( D sz 3 (C4)
1
ML _
|g]((/\ )‘2 2L _ sz 1 (C5)

X — W
WE k

These are the multipole-resolved coupling scalings quoted
n (12). Multiplying by the free-space photon density of
states p(w) o< w? and summing over polarizations gives

(W 0%),

(C6)
matching (13). The full hydrogenic form factor of
Moses [18] and Seke [19] adds an ultraviolet regulator of
the form [1+ (w/wx)?]™#, where wx ~ ¢/ag is the inverse
Bohr time. This regulator controls the short-time (Zeno)
physics and, more generally, is part of the smooth form
factor F(w) in Eq. (19). Only after the long-wavelength
estimate F'(0) ~ F'(wg) = 1 does the coefficient reduce to
the line-parameter form used in (20).

2L—-1

JEL(w) X w ) 2L+

Iy (w) o w

Appendix D: Origin of the threshold prefactor

We now derive the denominator used in (17). The
memory equation (5) is most transparent after a Laplace
transform,

Ce(s) = /0 dt e ce(t), Res > 0. (D1)
Using ¢.(0) = 1, (5) gives
c = —K(5)é(s Ce(8) = L
sCe(s) =1 = —K(s)te(s), e(s) TR (D2)



The continuum kernel (6) has transform

R(s)—/()mdw

Thus every continuum frequency produces a singularity
at s, = —i(w —wp). The pole near s = —I"/2 — IA gives
the exponential part; the late-time correction comes from
the branch cut produced by the continuum of s, values.

To isolate the threshold contribution, evaluate the dis-
continuity of é(s) across this cut. Near the lower edge
w =~ 0, the point on the cut is far from the resonance pole:
|sw| >~ wo. In weak coupling, |K (sy,)| < |sw], so (D2) can
be expanded as

J(w)

s+ i(w—wo) (D3)

=21 KO

5+ K(s) A (1)
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Only K(s) has a discontinuity across the continuum cut.
The first term 1/s has no threshold cut and therefore
does not contribute to cqy;. Using

! L _ —2mid(x),

- = D5
rz+1i:10 x—10 (D5)

(D3) gives, up to an overall phase convention that does

not affect the magnitude,

Disc K (s,,) o< J(w). (D6)

Therefore the discontinuity of the excited-state ampli-
tude is

_ Disc K(sw)

|50 /?

J(w)

(w—wp)

Disc Ge(sy,) = (D7)

PR

This is the origin of the two off-resonant denominators.
Equivalently, one denominator appears when the initially
prepared excited amplitude couples into an off-resonant
continuum mode, and the second appears when that con-
tinuum component is projected back onto the excited am-
plitude in the survival amplitude.

Inverting the Laplace transform along the cut then
gives

—i(w—wo)t

Ceut (t) X /OOO dw (t]((d)e . (D8)

w—wp)?

Multiplying by the trivial phase convention used for ¢, ()
gives the equivalent form used in the main text, (17).
Since the late-time integral is controlled by w =~ 0, the
denominator is smooth and may be replaced by wg 2 to
leading order.



